
 1

  
 

Abstract—This paper implements the State Space Search 
Method (SSSM) in polar coordinate form to calculate low voltage 
solution and Maximum Loading Point of system in ill conditioned 
system. SSSM modifies the direction of state variable (buses 
voltage and phase) by using optimal multiplier in order to 
converge load flow equations in ill conditioned system. The 
privilege of SSSM emerges in the keeping dimension of load flow 
jacobian matrix constant. While another method such as 
continuation and homotopy methods change the framework of 
jacobian matrix based on predictor and corrector in term of 
increasing load demand. Indeed, the calculation process of SSSM 
is based on standard Newton Raphson load flow method. The 
validation of SSSM is shown by the testing IEEE test systems of 
14 and 30 in well and maximum loading point as ill-conditioned 
systems.  
 

Index Terms-- state space search method, low voltage solution, 
optimal multiplier, ill conditioned system, maximum loading 
point.  

I.  INTRODUCTION 
conomic, Environmental, and technical problems such as 
the difficulty in construction of new transmission lines, 

new generation plants, and the raising load demand have let 
power system to operate near to its limit capacity[1,2]. This is 
emerged in approaching to Maximum Loading Point (MLP), 
transmission lines with high R/X ratio and bus connections 
have a very high resistance and very low impedance that 
causes the power flow ill-conditioned system [3]. Therefore, 
the chance of the voltage collapse phenomenon is increased 
due to power system operation in the instability zone [4]. 
Although, voltage collapse is a dynamic problem, it can be 
considered as a static issue if the power systems parameters 
change slowly [5]. The change in these parameters 
corresponds to a small load increase in power system. Hence, 
a set of static nonlinear algebraic equations of the power flow 
equations is considered for the voltage stability study [6]. In 
this context, a several approaches based on power flow 
equations have been introduced to determine load flow 
solutions in ill conditioned system. This case forces the power 
flow equations to have Low Voltage Solution (LVS) or 
solution Type-1 as unstable equilibrium operation point.  

                                                           
 

Under this condition, the original power flow solutions as 
interesting power flow solution is called High Voltage 
Solution (HVS) [7].  
In this regard, two main approaches are have been presented in 
order to find power system low voltage solutions, the State 
Space Search Methods (SSSM) and path following methods 
(PFM) [7,8]. PFM utilizes trajectory of load demand 
increasing in PV curves to detect MLP and beyond it [9. This 
method is powerful and robust for detecting LVS [10]. 
However, PFM needs a large number of iteration and any prior 
information of the direction of load increasing to converge [7]. 
Also, PFM could not handle ill–conditioned and unsolvable 
condition in appropriate manner [11]. The PFM is classified as 
the Continuation methods (CM) and the Homotopy methods 
(HM) [9,11,12]. In contrary of CTM, SSSM does not need to 
several iterations and any previous information of direction of 
load demand increasing to calculate LVSs [13].  Because, 
SSSM is based on Newton Raphson Load Flow Method 
(NRLFM) using optimal multiplier [13,14]. The optimal 
multiplier as accelerator damper converges the load flow 
equations in ill conditioned systems [15]. 
     This paper uses the SSSM in polar coordinate from in order 
to find LVS at MLP of system as ill-conditioned system [16]. 
The polar coordinate compares with rectangular coordinate is 
system is more appropriate for power flow solution for ill-
conditioned. Furthermore, polar coordinate form banes 
switching all of PV type buses to PQ that happened in 
rectangular form [17,18,19]. The contribution of this paper is 
apparent in introducing the proposed algorithm based on 
SSSM in order to obtain LVS’s and MLP simultaneously. To 
evaluate the proposed method, case studies based on IEEE test 
systems of 14 and 30, in well and ill-conditioned systems are 
tested [20]. 

II.  IMPROVED STATE SPACE SEARCH METHOD  
The power flow equations as a set of nonlinear equations can 
be written as: 
 
                     0),( =HXF                                                                                          (1) 

Where  
X - Vector of uncontrolled (state) variables. 
H - Vector of controlled variables (active and reactive power 
of buses). 
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F - Load flow function  
 

The E.q (1) includes only two variables i.e. bus voltage 
amplitude )( aX and its angle )( bX at buses as independent 

variables in polar coordinate form. Since, Taylor series, 
expansion of E.q (1) based on these state variables is 
formulated as follow:  
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The classical Newton-based methods can solve  E.q (2) by 
neglecting the second term E.q (2). But in ill conditioned 
system first initial estimation of newton-based methods state 
variables such as Newton Raphson Load Flow Method 
(NRLFM) is far away from real solution. In this context, the 
State Space Search Method (SSSM) modifies the direction of 
state variables in state space from first initial estimation to 
find best stable solution or low voltages solutions [7, 13]. 
Therefore, the modification of next step of state variables is  
 

                 iii XXX Δ+=+ λ1                                        (3) 
 
where λ  is multiplier damper that is used to modify the 
mismatch vector of state variables. Hence, E.q (3) can be 
rewritten by using λ  
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λ  is called optimal multiplier due to optimization method 
based on nonlinear programming technique is utilized to 
calculate it. Under this condition, the multiplier cost function 
in E.q (5) is defined as objective function in order to obtain 
then the correction value of state variable as follows 
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We can get by manipulating (5) to  
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Iba et al. improved that the optimum points of multiplier cost 
function as quartic function in E.q (6) has a two minimum 
points and one maximum point [14]. The assumption 
illustration of E.q (6) is depicted in Fig.1. In well conditioned 
system, the classical newton-based method can only detect one 
of  these minimum points as interested solution point called 

the high voltage solution (HVS).  For this case λ  is equal to 
one. In ill conditioned system, by increasing the load demand 
of system, two minimum points of E.q (6) are forced to get 
closer to each other and meet at MLP located at maximum 
point of Fig.1. For this condition the closet value of λ  to one 
is selected as the optimal multiplier to find LVS. Furthermore, 
it can be observed that E.q (6) is based on NRLFM. 

λ

 
              Fig.1. Illustration of assumption multiplier cost function respect λ   
 
However, optimal multiplier λ  is computed by minimizing 
E.q (6) respect with  λ  as follows 
 

023)2( 32 λλλλ
λ

TTTTT GGGEDGDDED
d
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where E=-D in order to simplify (7) [13]. 
The Cardan method is used to find possible real roots of this 
cubic equation. E.q (7) has three real roots in well-conditioned 
system. The numbers of real solutions of E.q (7) are decreased 
at MLP.  E.q (7) does not have any real solution in unsolvable 
operation zone beyond MLP. 
The proposed algorithm based on SSSM to calculate LVS in 
terms of load demand increasing is as follows  
Increase  predefined load demands based defined step then run 
NRLFM 
1- If NRLFM converges go to 1 otherwise go to 3 
2- Calculate the closet optimal multiplier to one of equation 
(6) by using cardan method  due to calculate low voltage 
solutions.  
3- Increase load demands based defined step 
4-  If that E.q (7) has a real solution (as index to approaching 
to MLP) stop process and calculate the LVS based on this 
optimal multiplier otherwise go to (3).  

III.  CASE STUDY  
IEEE 14 and 30- bus test system are tested to show 
convergence characteristics of SSSM at MLP as ill-
conditioned system. The single transmission diagram of IEEE 
14 and 30 bus systems are shown in Fig.2 and Fig.3 
respectively. The linear active and reactive load demand 
models are utilized to detect the maximum loading point of  
these systms as follows [15]: 
 
                            PPP α+= 0                                            (8) 

                             QQQ α+= 0                                          (9) 
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where 00,QP

 
and QP,

 
are the intial and  actual vector of 

active and reactive powers. Alfa (α ) involves the step size 
and the direction the load demand changing . The calculated 
MLP based on proposed algorithm with α =0.001 for  IEEE 
14 and 30 bus systems are 3.95135 as well as 2.93124      
respectively. The newton-based methods cannot converge in 
ill conditioned system due to the fact the region of LVS if far 
away from their initial guess.  
The Table I and II show the divergence characteristics of 
NRLFM in calculating LVS’s at MLP IEEE 30 and 14 bus 
systems respectively. In addition, the drastic difference 
between load flow solutions in ill and well -conditioned for 
both systems confirms that the result of NRLFM is not at 
vicinity of its initial guess in ill conditioned system. 

 
Fig.2. Transmission single line diagram of IEEE 14 bus system 
 

 
 
Fig.3. Transmission single line diagram of IEEE 30 bus system 
 

TABLE I 
THE PERFORMANCE OF STANDARD NEWTON RAPHSON METHOD FOR IEEE 

30 BUS SYSTEM IN WELL AND ILL CONDITIONED SYSTEM 
 

Bus 
Number 

Well-conditioned Ill conditioned (MLP) 
Voltage 
(P.U) 

Angle 
(radian) 

Voltage 
(P.U) 

Angle 
(radian) 

1 1.06 0 1.06 0 

2 1.043 -0.09343 1.043 -0.47751 

3 1.02098 -0.13132 0.815706 -0.58657 

4 1.01206 -0.16188 0.803409 -0.75188 

5 1.01 -0.24748 1.01 -1.08467 

6 1.01019 -0.19351 0.852351 -0.90794 

7 1.00234 -0.22487 0.885864 -1.01805 

8 1.01 -0.20661 1.01 -1.00975 

9 1.051 -0.25174 0.757811 -1.27762 

10 1.04508 -0.28089 0.576883 -1.53443 

11 1.082 -0.25174 1.082 -1.27762 

12 1.05563 -0.27122 0.753158 -1.51882 

13 1.071 -0.27122 1.071 -1.51882 

14 1.04087 -0.28636 0.640906 -1.62638 

15 1.03656 -0.28753 0.57752 -1.6264 

16 1.04367 -0.27993 0.642334 -1.5502 

17 1.0396 -0.28431 0.571194 -1.57242 

18 1.02741 -0.29732 0.504248 -1.70584 

19 1.02514 -0.29978 0.479262 -1.72491 

20 1.02934 -0.29605 0.497643 -1.68255 

21 1.03259 -0.28867 0.465421 -1.62291 

22 1.0331 -0.28845 0.456753 -1.62505 

23 1.0263 -0.29342 0.404919 -1.70571 

24 1.02101 -0.29522 0.23136 -1.77448 

25 1.01662 -0.28685 -0.052947 -2.0035 

26 0.99892 -0.29419 -0.7675 -2.8508 

27 1.02243 -0.27713 0.147969 -1.92636 

28 1.00676 -0.20450 0.792666 -0.93353 

29 1.00257 -0.29864 -0.150049 -10.1672 

30 0.99108 -0.31407 -0.399481 -23.1452 
 
 

TABLE II 
THE PERFORMANCE OF STANDARD NEWTON RAPHSON METHOD FOR IEEE 

14 BUS SYSTEM IN WELL AND ILL CONDITIONED SYSTEM 
 

Bus 
Number 

Ill conditioned (MLP) Well-conditioned 
Voltage 
(P.U) 

Angle 
(radian) 

Voltage 
(P.U) 

Angle 
(radian) 

1 1.06 0 1.06 0 
2 1.045 11.322 1.045 -0.087009 
3 1.01 23.3714 1.01 -0.222258 
4 11.0687 22.8167 1.01777 -0.180316 
5 12.7693 18.7376 1.02 -0.153031 
6 1.07 43.7231 1.07 -0.25882 
7 8.19797 34.447 1.06208 -0.238405 
8 1.09 34.447 1.09 -0.238405 
9 9.19502 39.2377 1.05674 -0.267176 

10 8.10829 40.8546 1.05171 -0.270678 
11 4.70401 42.4966 1.05733 -0.26702 
12 1.81008 43.787 1.05521 -0.273437 
13 2.55967 2.55967 1.05055 -0.274556 
14 7.44001 43.6162 1.03608 -0.287826 

 
On the other hand, the value of phase angle at MLP in Table I 
and II implies the enhancement of buses voltage angle during 
demand increasing declines the voltage stability margin. Due 
to voltage stability can be verified as a static issue if the power 
systems parameters change slowly.  
The performance of SSSM to find LVS at MLP is shown in 
Table III. On account of value of voltage in TABLE III and IV 
can be assessed that SSSM computes the possible lowest LVS. 
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Base on this fact, the role of buses 14 and 30 in IEEE 14 and 
30 bus systems as the weakest buses in ill conditioned are 
same with their roles in well -conditioned of aforesaid test 
systems. For instance, bus 30 in IEEE 30bus system is 
selected as the most sensitive bus for contingency analysis for 
voltage collapse in ill and well- conditioned simultaneously.  
 

TABLE III 
THE PERFORMANCE OF STATE SPACE SERACH METHOD FOR IEEE 30 BUS 
SYSTEM AT MAXIMUM LOADING POINT AS ILL CONDITIONED SYSTEM 

 
Bus number Voltage (P.U) Angle 

(radian) 
1 1.06 0 
2 1.043 -0.413933 
3 0.894945 -0.513603 
4 0.889619 -0.647211 
5 1.01 -0.961153 
6 0.92345 -0.777013 
7 0.929161 -0.885209 
8 1.01 -0.848162 
9 0.915832 -1.00969 

10 0.833729 -1.14206 
11 1.082 -1.00969 

12 0.910295 -1.11679 
13 1.071 -1.11679 
14 0.846481 -1.18134 
15 0.821531 -1.18365 
16 0.850475 -1.1454 
17 0.819988 -1.16101 
18 0.776867 -1.22829 
19 0.762978 -1.23909 
20 0.777088 -1.21859 
21 0.78033 -1.18114 
22 0.780842 -1.18037 
23 0.7615 -1.21152 
24 0.714901 -1.21968 
25 0.689427 -1.21004 
26 0.603362 -1.26168 
27 0.716639 -1.17582 
28 0.905938 -0.815416 
29 0.595928 -1.32425 
30 0.525515 -1.46208 

 
 
 
 
 
 
 

TABLE IV 
THE PERFORMANCE OF STATE SPACE SERACH METHOD FOR IEEE 14 BUS 
SYSTEM AT MAXIMUM LOADING POINT AS ILL CONDITIONED SYSTEM 

 
Bus number Voltage (P.U) Angle (radian) 

1 1.06 0 
2 1.045 -0.801241 
3 1.01 -1.75153 
4 0.626277 -1.48106 

5 0.585695 -1.25234 
6 1.07 -2.3345 
7 0.750392 -2.00689 
8 1.09 -2.00689 
9 0.658537 -2.25809 

10 0.687476 -2.31361 
11 0.858552 -2.33472 
12 0.972703 -2.40185 
13 0.919648 -2.39885 
14 0.65116 -2.47655 
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    Fig.4 Illustration of multiplier cost function for IEEE 14 bus system 
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Fig.5 Illustration of multiplier cost function for IEEE 30 bus system 
 

Multiplier cost functions in E.q (6) for 14 and 30 IEEE bus 
systems are depicted in Fig.4 and Fg.5 respectively. A single 
minimum point in Fig.4 remarks that only one optimal 
multiplier remains for IEEE 14 bus system. The value of 
single optimal multiplier of IEEE 14 bus system is 0.8279903 
calculated by E.q (6). Truly, E.q (6) for IEEE 14 bus system 
has an on real root 0.8279903 and two imaginary roots that are 
0.349982+i0.212271 and 0.349982-i0.212271. Furthermore, 
the existence only on optimal multiplier at MLP approves the 
LVS’s meeting at MLP for IEEE 14 bus system. 
The close being of 0.8279903 to 1 also is shown. 
IEEE 30 bus system has the three optimal multiplier at MLP 
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consist, 0.117464, 0.381862 and 0.998313. Indeed, the values 
of multipliers at minimum points of IEEE 30 bus system 
multiplier cost function are the optimal multipliers. For this 
case, the closest optimal multiplier to one is chosen as the 
desirable optimal multiplier. It can be seen the existence of 
multi-optimal multiplies at MLP. The important point in this 
context is that the value of their corresponding multiplier cost 
functions is very near to each other. This is because the scale 
of 14 and 30 IEEE bus systems multiplier cost functions are 
based on 0.0001. 

IV.  CONCLUSION  
This paper shows the state space search method (SSSM) is a 
robust, reliable and simple method in order to calculate Low 
Voltage solution (LVS) at Maximum Loading Point (MLP) in 
ill conditioned system.  Also, it has been revealed that the 
proposed algorithms based on SSSM can obtain LVS’S and 
MLP simultaneously. For this purpose, the closet optimal 
multiplier to one has been selected as the desirable optimal 
multiplier to find LVS’s at MLP. The capability of SSSM has 
been validated by IEEE test systems of 14 and 30 in well and 
maximum loading point as ill-conditioned system. 
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