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Abstract: Recently, the study of operators theory (differential, integral, integro-differential)

has been increased. It appears widely in the geometric function theory, to create some gen-

eralized subclasses of analytic functions. In this effort, we introduce a generalized integro-

differential operator Jm(z) and obtain its properties by utilizing the pre-Schwarzian derivative.

Applications are illustrated, based on fractional calculus in the sequel.

AMS Subject Classification: 30C45, 30C55

Key Words: fractional calculus, analytic functions, unit disk, univalent functions, fractional

differential operator, integral operator

1. Introduction

The geometric function theory is very extensive area to involve various kinds
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of operators. These operators are playing an important role in geometric func-
tion theory to impose new generalized subclasses of analytic univalent and then
study their properties. By utilizing the method of convolution, Salagean [1],
Introduced the differential operator Dn. Tracked by Al-Oboudi differential op-
erator [2]. Several authors have applied the Salagean operator to impose and
consider the properties of certain known and new classes of analytic univa-
lent functions. We mention at this juncture some of them in recent years.
Najafzadeh [3], studied a new subclass of analytic univalent functions with
negative and fixed coefficient based on Salagean and Ruscheweyh differential
operators. Aouf et al. [4], provided some consequences for certain subclasses
of analytic functions founded by the concept of Salagean operator with vary-
ing arguments. El-Ashwah [5], introduced Salagean operator to define a new
subclass of analytic functions and derived some subordination results for this
subclass in open unit disk. Breas [6], explored a new general integral operator
for certain holomorphic functions created by the Salagean differential operator
and studied some properties for this integral operator on some subclasses of
univalent function. Similarly, Deniz [7], defined a new general integral operator
by considering the Hadamard product and gave new sufficient conditions for
this operator to be univalent in U. Breaz el at. [8], demarcated two general
integral operators Fλ(z) and Gλ(z) and investigated some geometric properties
for these operators on subclasses of analytic function in open unit disk. More
investigations can be found in [9, 10, 11].

The pre-Schwarzian and the Schwarzian derivatives of locally univalent ana-
lytic mappings f are extensively recommended implements in the investigation
of geometric properties of such functions. For occurrence, it can be utilized to
develop either necessary or sufficient conditions for the global univalence, or to
get confident geometric conditions on the range of f (see [12]). In this study, we
investigate to give the best estimate for the norm of pre-Schwarzian derivative
of integro-differential operator Jn(z) in open unit disk.

2. Preliminaries

let H be the family of holomorphic functions on open unit disk U = {z : |z| < 1}
of complex z-plane C and let A denote the class of functions of the form

f(z) = z +
∞
∑

m=2

amz
m (1)



GEOMETRIC PROPERTIES FOR INTEGRO-DIFFERENTIAL... 783

which are analytic in the open unit disk U and usually normalized by

f(0) = f ′(0) − 1 = 0.

Let denoted by S the subclass of A consisting of functions f of form (1) which
are univalent function. For a positive real number ψ with 0 ≤ ψ < 1, a function
f ∈ A is said to be starlike, if

Re{
zf ′(z)

f(z)
} > ψ, (z ∈ U).

and we denoted by S∗(ψ) the class of starlike functions of order ψ. Further f
is said to be convex if

Re{
zf ′(z)

f(z)
+ 1} > ψ, (z ∈ U).

also, we denoted by K(ψ) the class of convex functions of order ψ where 0 ≤
ψ < 1. Note that

J [f ] ∈ K(ψ) ⇐⇒ f(z) ∈ S∗(ψ)

where J [f ] is Alexander transform [13] of f ∈ A defined by

J [f ](z) =

∫ z

0

f(η)

η
dη =

∫ 1

0
f(tz)

dt

t
. (2)

Let f : U → C be analytic and locally univalent holomorphic function f(z).
The pre-Schwarzian derivative Tf (z) of f is the logarithmic derivative of f ′.
That is defined by

Tf (z) =
f ′′(z)

f ′(z)
.

The Schwarzian derivative of such a function f is defined by

Sf = (Tf )
′ −

1

2
(Tf )

2.

More specifically, it is well known that any univalent analytic transformation f
in the unit disk satisfies the sharp inequality

|Tf (z)| ≤
6

1− |z|2
, z ∈ U.

For a locally univalent of f ∈ U, the norm of Tf is given by
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||Tf || = sup
|z|<1

(1− |z|2)

∣

∣

∣

∣

f ′′(z)

f ′(z)

∣

∣

∣

∣

(3)

As is well known this norm is considered by Becker [14] (Becker′s univalence
criterion). The following results can be located in [15, 16, 17]:

Theorem 1. Let f be analytic and locally univalent in open unit disk U,
we obtain:

(i) If ||Tf || ≤ 1, then f is univalent in U, and

(ii) If ||Tf || ≤ 2, then f is bounded.

In terms of the Schwarzian derivative, we have the sharp inequality

|Tf (z)| ≤ (
6

(1− |z|2
)2, z ∈ U.

Theorem 2. For f ∈ A and 0 ≤ ψ < 1, we obtain:

(i) If f is starlike function of order ψ then ||Tf || ≤ 6− 4ψ.

(ii) If f is convex function of order ψ then ||Tf || ≤ 4(1 − ψ).

The second tool, in this investigation is the integro-differential operator. The
authors interested a differential operator of two parameters in [18] and defined
by, let T µ,γ : A → A,

T µ,γf(z) := z +
∞
∑

m=2

Γ(γ + 1)

Γ(µ+ 1)

Γ(m+ µ)

Γ(m+ γ)
amz

m. z ∈ U (4)

for some 0 < µ ≤ 1, 0 < γ ≤ 1 and m ∈ N \ {0, 1}. When µ = γ in (4), then
we obtain

T µ,γ
z f(z) = f(z)

for more details (see [19]).
Now, let define a fractional differential operator Dk

δ : A → A as follows:

D0
δf(z) = f(z),

D1
δf(z) = (1− δ)T µ,γf(z) + δz (T µ,γf(z))

′
(5)

...

Dk
δ f(z) = Dδ

(

Dk−1
δ f(z)

)

k ∈ N. (6)
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with Dk
δ (0) = 0. In general we write

Dk
δ f(z) = z +

∞
∑

m=2

Ψm,k(µ, γ, δ) amz
m k ∈ N0 = {0, 1, 2, ...}. (7)

where

Ψm,k(µ, γ, δ) = [
Γ(γ + 1)

Γ(µ+ 1)

Γ(m+ µ)

Γ(m+ γ)
(1 + (m− 1)δ)]k. (8)

Remark 1. For k ≥ 0 and 0 < γ ≤ 1, 0 < µ ≤ 1, we see that

(i) when µ = γ, δ = 1 and k = 1, we reduce to Salagean operator [1] and

(ii) when µ = γ, we reduce to Al-Oboudi differential operator [2].

Now, we investigate some new subclasses of A define as follows:
Let define the class Sk(δ, φ) by

Re{
zDk+1

δ f(z)

Dk
δ f(z)

} > φ, z ∈ U (9)

where 0 ≤ φ < 1, δ ≤ 0, k ∈ {0, 1, · · · } and let define the class Kk(δ, φ) by

Re{
zDk+2

δ f(z)

Dk+1
δ f(z)

+ 1} > φ, z ∈ U (10)

for some 0 ≤ φ < 1, δ ≤ 0 and k ∈ {0, 1, · · · }. If k = 0 in (9) and (10), then we
have the well known function classes

S0(δ, φ) = S∗(φ), 0 ≤ φ < 1.

and
K0(δ, φ) = K(φ), 0 ≤ φ < 1.

Recently, Stanciu and Breaz in [11] proposed the general integral operator

Gn(z) =

∫ z

0

n
∏

i=1

(

fi(t)

t

)λi

(g′i(t))
νi dt. (11)

where λi and νi are two real numbers, i = 1, 2, · · · , n. and n ∈ N.
Now, we purpose to define a new generalized integral operator which derive
from the integral operator (11) with the utility of the fractional differential
operator in (7).
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Definition 3. Let the generalized integral operator
Jn(z) : A

n → A defined by

Jn(z) =

∫ z

0

n
∏

i=1

(

Dk
δ fi(t)

t

)λi
(

Dk+1
δ gi(t)

)νi
dt (12)

where fi, gi ∈ A, λi, νi be positive real numbers in R, i = 1, 2, · · · , n and n ∈ N.

Remark 2. Note that the integral operator Jn(z) is generalized for the
following operators introduced and investigated by several authors:

(i) For k = 0, we have integral operator defined in (11), which studied by
Stanciu and Breaz in [11].

(ii) For k = 0 and f ′i = g′i; i = 1, 2, · · · , n, we have integral operator

Fν,λf(z) =

∫ z

0

n
∏

i=1

(f ′
i(t))

νi

(

fi(t)

t

)λi

dt. (13)

was studied and considered by Frasin in [20].

(iii) For k = 0 and λi = 0; i = 1, 2, · · · , n, we have integral operator

In(z) =

∫ z

0

n
∏

i=1

(

f ′
i(t)

t

)νi

dt.

considered by D. Breaz and N. Breaz in [9].

(iv) For k = 0, and λi = 0; i = 1, 2, · · · , n, we have the integral operator

Iνn(z) =

∫ z

0

n
∏

i=1

(

g′i(t)
)νi dt.

which studied by Breaz et al. [10]. In particular, for ν1 = ν and g1 = g,
we have the integral operator

Iνf(z) =

∫ z

0

(g′(t))
ν
dt. (14)

which was studied by Kim et al. in [17].

(v) For k = 0, n = 1, ν1 = 0, λ1 = λ and f1 = f , we have operator

Iλf(z) =

∫ z

0

(

f(t)

t

)λ

dt. (15)

investigated in [21]. In particular, for λ = 1, we have Alexander integral
operator given by (2).
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3. Main Results

We start our first outcome

Theorem 4. Let νi, λi be positive real numbers, i = 1, 2, · · · , n. If fi, gi ∈
Kk(δ, φ) and hi ∈ Sk(δ, φ). Assume that Jn(z) is locally univalent in U, if

||Tgi || ≤
1

2

(

n
∑

i=1

νi

)−1

||Thi
|| ≤

1

2

(

n
∑

i=1

λi

)−1

(16)

then Jn(z) is univalent. Moreover, if

||Tgi || ≤

(

n
∑

i=1

νi

)−1

||Thi
|| ≤

(

n
∑

i=1

λi

)−1

(17)

then Jn(z) is bounded.

Proof. Since

||TJn || = sup
|z|<1

(1− |z|2)

∣

∣

∣

∣

J′′n(z)

J′n(z)

∣

∣

∣

∣

,

= sup
|z|<1

(1− |z|2)

∣

∣

∣

∣

( ∫ z

0

∏n
i=1

(

Dk
δ
fi(t)
t

)λj (

Dk+1
δ gi(t)

)νidt
)′′

( ∫ z

0

∏n
i=1

(

Dk
δ
fi(t)
t

)λi (

Dk+1
δ gi(t)

)νidt
)′

∣

∣

∣

∣

then we calculate the derivative of the first and second order of integral operator
Jn(z) on norm defined by (3), we obtain

||TJn
|| = sup

|z|<1

(1− |z|2)

∣

∣

∣

∣

ν1[D
k+2
δ g1(z)][D

k+1
δ g1(z)]

ν1−1
(Dk

δ
f1(z)
z

)λ1

[Dk+1
δ g1(z)]ν1

(Dk

δ
f1(z)

z

)λ1

×
[Dk+1

δ g2(z)]
ν2
(Dk

δ
f2(z)
z

)λ2

× · · · × [Dk+1
δ gn(z)]

νn
(Dk

δ
fn(z)
z

)λn

[Dk+1
δ g2(z)]ν2

(Dk

δ
f2(z)

z

)λ2

× · · · × [Dk+1
δ gn(z)]νn

(Dk

δ
fn(z)

z

)λn

+
λ1
(Dk

δ
f1(z)
z

)′(Dk

δ
f1(z)
z

)λ1−1
[Dk+1

δ g1(z)]
ν1 [Dk+1

δ g2(z)]
ν2
(Dk

δ
f2(z)
z

)ν2

[Dk+1
δ g1(z)]ν1

(Dk

δ
f1(z)

z

)λ1

[Dk+1
δ g2(z)]ν2

(Dk

δ
f2(z)

z

)λ2

×
· · · [Dk+1

δ gn(z)]
νn
(Dk

δ
fn(z)
z

)λn

· · · [Dk+1
δ gn(z)]νn

(Dk

δ
fn(z)

z

)λn

+ · · ·

∣

∣

∣

∣
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then,

||TJn
|| = sup

|z|<1

(1− |z|2)×

∣

∣

∣

∣

ν1
Dk+2

δ g1(z)

Dk+1
δ g1(z)

+ λ1

(Dk

δ
f1(z)
z

)′

(Dk

δ
f1(z)

z

)

+ · · ·

+ νn
Dk+2

δ gn(z)

Dk+1
δ gn(z)

+ λn

(Dk

δ
fn(z)
z

)′

(Dk

δ
fn(z)

z

)

∣

∣

∣

∣

= sup
|z|<1

(1− |z|2)

∣

∣

∣

∣

n
∑

i=1

νi
Dk+2

δ gi(z)

Dk+1
δ gi(z)

+
n
∑

i=1

λi

(Dk

δ
fi(z)
z

)′

(Dk

δ
fi(z)

z

)

∣

∣

∣

∣

,

by using Alexander’s theorem we have

fi ∈ Kk(δ, φ)

and h ∈ Sk(δ, φ) then
fi(z) = zh′i(z).

||TJn
|| = sup

|z|<1

(1− |z|2)

∣

∣

∣

∣

n
∑

i=1

νi
Dk+2

δ gi(z)

Dk+1
δ gi(z)

+

n
∑

i=1

λi
Dk+2

δ hi(z)

Dk+1
δ hi(z)

∣

∣

∣

∣

≤ sup
|z|<1

(1− |z|2)

∣

∣

∣

∣

n
∑

i=1

νi
Dk+2

δ gi(z)

Dk+1
δ gi(z)

∣

∣

∣

∣

+ sup
|z|<1

(1− |z|2)

∣

∣

∣

∣

n
∑

i=1

λi
Dk+2

δ hi(z)

Dk+1
δ hi(z)

∣

∣

∣

∣

.

Hence,

||TJn
|| ≤ sup

|z|<1

(1− |z|2)

∣

∣

∣

∣

n
∑

i=1

νi
Dk+2

δ gi(z)

Dk+1
δ gi(z)

∣

∣

∣

∣

+ sup
|z|<1

(1− |z|2)

∣

∣

∣

∣

n
∑

i=1

λi
Dk+2

δ hi(z)

Dk+1
δ hi(z)

∣

∣

∣

∣

.

So, we have

||TJn || ≤
n
∑

i=1

νi||Tgi ||+
n
∑

i=1

λi||Thi
||. (18)

Theorem 5. Let fi, gi, hi, i = 1, 2, · · · , n be a family of analytic functions
where fi and gi are convex of order φi, i = 1, 2, · · · , n and hi are starlike of order
φi, i = 1, 2, 3, · · · , n. Then, we have

||TJn || ≤
n
∑

i=1

νi(4− 4φi) +
n
∑

i=1

λi(6− 4φi).
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Proof. From Theorem 2 and expression (18) we obtain the proof of Theorem
5.

By setting k = 0 in Theorem 5, we have

Corollary 6. Let fi, gi, hi, i = 1, 2, 3, · · · , n be a family of analytic func-
tions where fi and gi are convex of order φ and hi are starlike of order φ then,
we have

||TJn || ≤ (4− 4φ)

n
∑

i=1

νi + (6− 4φ)

n
∑

i=1

λi.

By setting k = 0 and n = 1 in Theorem 5, we obtain

Corollary 7. Let f, g and h be analytic functions where f is convex of
order ψ and g is starlike of order φ, if ν1 = ν and λ1 = λ then

||TJn || ≤ (4− 4φ)ν + (6− 4φ)λ.

4. Conclusion

We introduced an integro-differential operator defined by two types of operators
in the unit disk. We have seen that the operator is convex as well as bounded
under some conditions. The main strategy is the per-Schwarzian derivative.
This kind of derivative plays an important role to estimate classes in the geo-
metric function theory.
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